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In the Last Class…
• Algorithm - the spirit of computing 

• Model of computation


• Algorithm design and analysis 

• Design


• Correctness proof by induction


• Analysis


• Worst-case / average-case complexity



Asymptotic Behavior
• Asymptotic growth rate of functions 

• Basic idea


• Key notations 

• O, Ω, Θ


• o, ω


• Brute force enumeration 

• By iteration


• By recursion



How to Compare 

Two Algorithms

• Algorithm analysis, with simplifications 

• Measuring the cost by the number of critical operations


• Large input size only

• Only the leading term in f(n) is considered


• Constant coefficients are ignored


• Capturing the essential part in the cost in a 
mathematical way 

• Asymptotic growth rate of f(n)



Relative Growth Rate

g

Ω(g): functions that grow at 
least as fast as g

Θ(g): functions that grow at  
The same rate as g

O(g): functions that grow no 
fast as g



“Big Oh”
• Basic idea f(n)∈O(g(n)) 
• For sufficiently large input size, g(n) is an upper bound 

for f(n)


•  Definition - “ε-N” 
• Giving g: N→R+, then O(g) is the set of f: N→R+, such 

that for some c∈R+ and some n0∈N, f(n)≤cg(n) for 
all n≥n0


• Definition - “limn→∞” 
• f∈O(g) if  lim

n!1

f(n)

g(n)
= c < 1
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The limit may not exist,  
though it usually does.



Example
• Let f(n)=n2, g(n)=nlogn, then: 
• f∉O(g), since

lim
n!1

n2

nlogn
= lim

n!1

n

logn
= lim

n!1

1
1

nln2

= +1
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• g∈O(f), since

lim
n!1

nlogn

n2
= lim

n!1

logn

n
= lim

n!1

1

nln2
= 0
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L’Hospital’s 
rule



Asymptotic Growth Rate

log n
n

nlogn
nk 2n

(k=2,3,..)



Asymptotic Order
• Logarithm logn 

• Power nk 

• Factorial n!
n! ⇡

p
2⇡n(

n

e
)n
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n
k 2 O(cn)
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log n 2 O(n↵)
<latexit sha1_base64="1sI3aBSh0Z6ms1+QZqIOcPxwoMc=">AAAB/nicbVBNSwMxEM36WevXqnjyEixCvZRdEfRY9OLNCvYDurXMptk2NJssSVYoS8G/4sWDIl79Hd78N6btHrT1wcDjvRlm5oUJZ9p43reztLyyurZe2Chubm3v7Lp7+w0tU0VonUguVSsETTkTtG6Y4bSVKApxyGkzHF5P/OYjVZpJcW9GCe3E0BcsYgSMlbruYcBlH4uACXxbFg8B8GQAp1235FW8KfAi8XNSQjlqXfcr6EmSxlQYwkHrtu8lppOBMoxwOi4GqaYJkCH0adtSATHVnWx6/hifWKWHI6lsCYOn6u+JDGKtR3FoO2MwAz3vTcT/vHZqostOxkSSGirIbFGUcmwknmSBe0xRYvjIEiCK2VsxGYACYmxiRRuCP//yImmcVXyv4t+dl6pXeRwFdISOURn56AJV0Q2qoToiKEPP6BW9OU/Oi/PufMxal5x85gD9gfP5A+eIlMo=</latexit><latexit sha1_base64="1sI3aBSh0Z6ms1+QZqIOcPxwoMc=">AAAB/nicbVBNSwMxEM36WevXqnjyEixCvZRdEfRY9OLNCvYDurXMptk2NJssSVYoS8G/4sWDIl79Hd78N6btHrT1wcDjvRlm5oUJZ9p43reztLyyurZe2Chubm3v7Lp7+w0tU0VonUguVSsETTkTtG6Y4bSVKApxyGkzHF5P/OYjVZpJcW9GCe3E0BcsYgSMlbruYcBlH4uACXxbFg8B8GQAp1235FW8KfAi8XNSQjlqXfcr6EmSxlQYwkHrtu8lppOBMoxwOi4GqaYJkCH0adtSATHVnWx6/hifWKWHI6lsCYOn6u+JDGKtR3FoO2MwAz3vTcT/vHZqostOxkSSGirIbFGUcmwknmSBe0xRYvjIEiCK2VsxGYACYmxiRRuCP//yImmcVXyv4t+dl6pXeRwFdISOURn56AJV0Q2qoToiKEPP6BW9OU/Oi/PufMxal5x85gD9gfP5A+eIlMo=</latexit><latexit sha1_base64="1sI3aBSh0Z6ms1+QZqIOcPxwoMc=">AAAB/nicbVBNSwMxEM36WevXqnjyEixCvZRdEfRY9OLNCvYDurXMptk2NJssSVYoS8G/4sWDIl79Hd78N6btHrT1wcDjvRlm5oUJZ9p43reztLyyurZe2Chubm3v7Lp7+w0tU0VonUguVSsETTkTtG6Y4bSVKApxyGkzHF5P/OYjVZpJcW9GCe3E0BcsYgSMlbruYcBlH4uACXxbFg8B8GQAp1235FW8KfAi8XNSQjlqXfcr6EmSxlQYwkHrtu8lppOBMoxwOi4GqaYJkCH0adtSATHVnWx6/hifWKWHI6lsCYOn6u+JDGKtR3FoO2MwAz3vTcT/vHZqostOxkSSGirIbFGUcmwknmSBe0xRYvjIEiCK2VsxGYACYmxiRRuCP//yImmcVXyv4t+dl6pXeRwFdISOURn56AJV0Q2qoToiKEPP6BW9OU/Oi/PufMxal5x85gD9gfP5A+eIlMo=</latexit><latexit sha1_base64="1sI3aBSh0Z6ms1+QZqIOcPxwoMc=">AAAB/nicbVBNSwMxEM36WevXqnjyEixCvZRdEfRY9OLNCvYDurXMptk2NJssSVYoS8G/4sWDIl79Hd78N6btHrT1wcDjvRlm5oUJZ9p43reztLyyurZe2Chubm3v7Lp7+w0tU0VonUguVSsETTkTtG6Y4bSVKApxyGkzHF5P/OYjVZpJcW9GCe3E0BcsYgSMlbruYcBlH4uACXxbFg8B8GQAp1235FW8KfAi8XNSQjlqXfcr6EmSxlQYwkHrtu8lppOBMoxwOi4GqaYJkCH0adtSATHVnWx6/hifWKWHI6lsCYOn6u+JDGKtR3FoO2MwAz3vTcT/vHZqostOxkSSGirIbFGUcmwknmSBe0xRYvjIEiCK2VsxGYACYmxiRRuCP//yImmcVXyv4t+dl6pXeRwFdISOURn56AJV0Q2qoToiKEPP6BW9OU/Oi/PufMxal5x85gD9gfP5A+eIlMo=</latexit>

for any α>0

for any c>1

Stirling’s formula



“Big Ω”
• Basic idea f(n)∈Ω(g(n)) 
• Dual of “O”


•  Definition - “ε-N” 
• Giving g: N→R+, then Ω(g) is the set of f: N→R+, such 

that for some c∈R+ and some n0∈N, f(n)≥cg(n) for 
all n≥n0


• Definition - “limn→∞” 

• f∈Ω(g) if  the limit may be ∞lim
n!1

f(n)

g(n)
= c > 0
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The Set Θ
• Basic idea f(n)∈Θ(g(n)) 
• Roughly the same


• Θ(g)=O(g)⋂Ω(g)


•  Definition - “ε-N” 
• Giving g: N→R+, then Θ(g) is the set of f: N→R+, such that 

for some c1,c2∈R+ and some n0∈N, 0≤c1g(n)≤f(n)≤c2g(n), 
for all n≥n0


• Definition - “limn→∞” 

• f(n)∈Θ(g) if  lim
n!1

f(n)

g(n)
= c(0 < c < 1)
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Some Empirical Data



Properties of O, Ω and Θ

• Transitive property 
• if f∈O(g) and g∈O(h), then f∈O(h)


• Symmetric properties 
• f∈O(g) if and only if g∈Ω(f)


• f∈Θ(g) if and only if g∈Θ(f)


• Order of sum function 
• O(f+g)=O(max(f,g))



“Little Oh”
• Basic idea f(n)∈o(g(n)) 
• Non-ignorable gap between f and its upper bound g


•  Definition - “ε-N” 
• Giving g: N→R+, then o(g) is the set of f: N→R+, such 

that for any c∈R+, there exists some n0∈N, 
0<f(n)<cg(n), for all n≥n0


• Definition - “limn→∞” 

• f∈o(g) if  lim
n!1

f(n)

g(n)
= 0

<latexit sha1_base64="tlBiOIzlC0hPG2rYEHes8CZBdGU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohuXFewDmlIm00k7dDIJMzdKCfkKN/6KGxeKuBV3/o2TtgttPXAvh3PuZeYePxZcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH17nfumdK80jewThm3ZAMJA84JWCknn3iCR72UukpPhgCUSp6wB6XAYwzL1CEpkFFHmfpIO+XTs8uO1VnArxI3BkpoxnqPfvL60c0CZkEKojWHdeJoZsSBZwKlpW8RLOY0BEZsI6hkoRMd9PJWRk+MkofB5EyJQFP1N8bKQm1Hoe+mQwJDPW8l4v/eZ0EgotuymWcAJN0+lCQCAwRzjPCfa4YBTE2hFDFzV8xHRKTBpgkSyYEd/7kRdI8rbpO1b09K9euZnEU0QE6RBXkonNUQzeojhqIokf0jF7Rm/VkvVjv1sd0tGDNdvbRH1ifP9XOn7s=</latexit><latexit sha1_base64="tlBiOIzlC0hPG2rYEHes8CZBdGU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohuXFewDmlIm00k7dDIJMzdKCfkKN/6KGxeKuBV3/o2TtgttPXAvh3PuZeYePxZcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH17nfumdK80jewThm3ZAMJA84JWCknn3iCR72UukpPhgCUSp6wB6XAYwzL1CEpkFFHmfpIO+XTs8uO1VnArxI3BkpoxnqPfvL60c0CZkEKojWHdeJoZsSBZwKlpW8RLOY0BEZsI6hkoRMd9PJWRk+MkofB5EyJQFP1N8bKQm1Hoe+mQwJDPW8l4v/eZ0EgotuymWcAJN0+lCQCAwRzjPCfa4YBTE2hFDFzV8xHRKTBpgkSyYEd/7kRdI8rbpO1b09K9euZnEU0QE6RBXkonNUQzeojhqIokf0jF7Rm/VkvVjv1sd0tGDNdvbRH1ifP9XOn7s=</latexit><latexit sha1_base64="tlBiOIzlC0hPG2rYEHes8CZBdGU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohuXFewDmlIm00k7dDIJMzdKCfkKN/6KGxeKuBV3/o2TtgttPXAvh3PuZeYePxZcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH17nfumdK80jewThm3ZAMJA84JWCknn3iCR72UukpPhgCUSp6wB6XAYwzL1CEpkFFHmfpIO+XTs8uO1VnArxI3BkpoxnqPfvL60c0CZkEKojWHdeJoZsSBZwKlpW8RLOY0BEZsI6hkoRMd9PJWRk+MkofB5EyJQFP1N8bKQm1Hoe+mQwJDPW8l4v/eZ0EgotuymWcAJN0+lCQCAwRzjPCfa4YBTE2hFDFzV8xHRKTBpgkSyYEd/7kRdI8rbpO1b09K9euZnEU0QE6RBXkonNUQzeojhqIokf0jF7Rm/VkvVjv1sd0tGDNdvbRH1ifP9XOn7s=</latexit><latexit sha1_base64="tlBiOIzlC0hPG2rYEHes8CZBdGU=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0WoC0sigm6EohuXFewDmlIm00k7dDIJMzdKCfkKN/6KGxeKuBV3/o2TtgttPXAvh3PuZeYePxZcg+N8W4Wl5ZXVteJ6aWNza3vH3t1r6ihRlDVoJCLV9olmgkvWAA6CtWPFSOgL1vJH17nfumdK80jewThm3ZAMJA84JWCknn3iCR72UukpPhgCUSp6wB6XAYwzL1CEpkFFHmfpIO+XTs8uO1VnArxI3BkpoxnqPfvL60c0CZkEKojWHdeJoZsSBZwKlpW8RLOY0BEZsI6hkoRMd9PJWRk+MkofB5EyJQFP1N8bKQm1Hoe+mQwJDPW8l4v/eZ0EgotuymWcAJN0+lCQCAwRzjPCfa4YBTE2hFDFzV8xHRKTBpgkSyYEd/7kRdI8rbpO1b09K9euZnEU0QE6RBXkonNUQzeojhqIokf0jF7Rm/VkvVjv1sd0tGDNdvbRH1ifP9XOn7s=</latexit>



“Little ω”
• Basic idea f(n)∈ω(g(n)) 
• Dual of “o”


•  Definition - “ε-N” 
• Giving g: N→R+, then ω(g) is the set of f: N→R+, such 

that for any c∈R+, there exists some n0∈N, 
0≤cg(n)<f(n), for all n≥n0


• Definition - “limn→∞” 

• f∈o(g) if  lim
n!1

f(n)

g(n)
= 1
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Do You Know Infinity

• How to talk about infinity? 
• (ε-N)-definition


• (ε-𝛅)-definition

• Mathematical analysis 
• Firm foundation

Cauchy

Weierstrass



Brute Force Enumeration

by Iteration

• Swapping array elements 
• <time, space>

• From <O(n2), O(1)>

• To <O(n), O(n)>

• To <O(n), O(1)>


• Maximum subsequence sum 
• Time

• From O(n3)

• To O(n2)

• To O(nlogn)

• To O(n)



Swapping Array Elements
• E.g., 1,2,3,4 | 5,6,7 => 5,6,7,1,2,3,4 

• Brute force

• Your task 

• Both time and space efficient

Time Space
BF1 O(n2) O(1)
BF2 O(n) O(n)

Your Task O(n) O(1)

Space sensitive

Time sensitive



Max-sum subsequence
• The problem: Given a sequence S of integer, find the largest sum 

of a consecutive subsequence of S, (0, if all negative items) 

An example: 2, 11, -4, 13, -5, -2; the result 22: (2, 11, -4, 13) 
A brute-force algorithm:

MaxSum = 0;

for(i = 0; i < N; i++)

  for(j = i; j < N; j++){

      ThisSum = 0;

      for(k = i; k <= j; k++)

          ThisSum += A[k];

      if(ThisSum > MaxSum)

          MaxSum = ThisSum;

   }

return MaxSum;

i=0

j=0 j=1 j=2

j=n-1



Max-sum subsequence
• The problem: Given a sequence S of integer, find the largest sum 

of a consecutive subsequence of S, (0, if all negative items) 

An example: 2, 11, -4, 13, -5, -2; the result 22: (2, 11, -4, 13) 
A brute-force algorithm:

MaxSum = 0;

for(i = 0; i < N; i++)

  for(j = i; j < N; j++){

      ThisSum = 0;

      for(k = i; k <= j; k++)

          ThisSum += A[k];

      if(ThisSum > MaxSum)

          MaxSum = ThisSum;

   }

return MaxSum;

i=0

j=0 j=1 j=2

j=n-1

i=1



Max-sum subsequence
• The problem: Given a sequence S of integer, find the largest sum 

of a consecutive subsequence of S, (0, if all negative items) 

An example: 2, 11, -4, 13, -5, -2; the result 22: (2, 11, -4, 13) 
A brute-force algorithm:

MaxSum = 0;

for(i = 0; i < N; i++)

  for(j = i; j < N; j++){

      ThisSum = 0;

      for(k = i; k <= j; k++)

          ThisSum += A[k];

      if(ThisSum > MaxSum)

          MaxSum = ThisSum;

   }

return MaxSum;

i=0

j=0 j=1 j=2

j=n-1

i=1
i=2



Max-sum subsequence
• The problem: Given a sequence S of integer, find the largest sum 

of a consecutive subsequence of S, (0, if all negative items) 

An example: 2, 11, -4, 13, -5, -2; the result 22: (2, 11, -4, 13) 
A brute-force algorithm:

MaxSum = 0;

for(i = 0; i < N; i++)

  for(j = i; j < N; j++){

      ThisSum = 0;

      for(k = i; k <= j; k++)

          ThisSum += A[k];

      if(ThisSum > MaxSum)

          MaxSum = ThisSum;

   }

return MaxSum;

i=0

j=0 j=1 j=2

j=n-1

i=1
i=2 ……

i=n-1



Max-sum subsequence
• The problem: Given a sequence S of integer, find the largest sum 

of a consecutive subsequence of S, (0, if all negative items) 

An example: 2, 11, -4, 13, -5, -2; the result 22: (2, 11, -4, 13) 
A brute-force algorithm:

MaxSum = 0;

for(i = 0; i < N; i++)

  for(j = i; j < N; j++){

      ThisSum = 0;

      for(k = i; k <= j; k++)

          ThisSum += A[k];

      if(ThisSum > MaxSum)

          MaxSum = ThisSum;

   }

return MaxSum;

i=0

j=0 j=1 j=2

j=n-1

i=1
i=2 ……

i=n-1
in O(n3)



More Precise Complexity
• The total cost is:

n�1X

i=0

n�1X

j=i

jX

k=i

1
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<latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit>
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<latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit>
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<latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit>
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<latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit>
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(j � i+ 1) = 1 + 2 + ...+ (n� i) =
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<latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit>
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<latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit>

jX

k=i

1 = j � i+ 1
<latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit>

n�1X

j=i

(j � i+ 1) = 1 + 2 + ...+ (n� i) =
(n� i+ 1)(n� i)

2
<latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit>

n�1X

i=0

(n� i+ 1)(n� i)

2
=

nX

i=1

(n� i+ 2)(n� i+ 1)

2
<latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit>

=
1
2

n

∑
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∑
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∑
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More Precise Complexity
• The total cost is:

n�1X

i=0

n�1X

j=i

jX

k=i

1

<latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit><latexit sha1_base64="QLHulQWzcp+is/Dl/ZMMMTAtaAE=">AAACGHicbVDLSgMxFM34rPU16tLNYBHcWCci6KZQdOOygn1AOw6ZNNOmTTJDkhHKMJ/hxl9x40IRt935N6bTLmzrhcB53MvNPUHMqNKu+2OtrK6tb2wWtorbO7t7+/bBYUNFicSkjiMWyVaAFGFUkLqmmpFWLAniASPNYHg38ZvPRCoaiUc9ionHUU/QkGKkjeTbFx2VcD+lFTd7SsU5zKZ8UKFzfJjzQQZ9u+SW3bycZQBnoARmVfPtcacb4YQToTFDSrWhG2svRVJTzEhW7CSKxAgPUY+0DRSIE+Wl+WGZc2qUrhNG0jyhnVz9O5EirtSIB6aTI91Xi95E/M9rJzq88VIq4kQTgaeLwoQ5OnImKTldKgnWbGQAwpKavzq4jyTC2mRZNCHAxZOXQeOyDN0yfLgqVW9ncRTAMTgBZwCCa1AF96AG6gCDF/AGPsCn9Wq9W1/W97R1xZrNHIG5ssa/qHWgxQ==</latexit>

jX

k=i

1 = j � i+ 1
<latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit><latexit sha1_base64="4yWSub2ss0ZLom5jgFO5W0QHvbU=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyyCIJaMCLopFN24rGAf0MYwmU7aaWcmYWYilBDwV9y4UMSt3+HOv3HaZqGtBy4czrmXe+8JYkaVdt1vq7C0vLK6VlwvbWxube/Yu3tNFSUSkwaOWCTbAVKEUUEammpG2rEkiAeMtILRzcRvPRKpaCTu9TgmHkd9QUOKkTaSbx90VcL9dFSl2UM6zGB1eEZPoW+X3Yo7hbNIYE7KIEfdt7+6vQgnnAiNGVKqA91YeymSmmJGslI3USRGeIT6pGOoQJwoL52enznHRuk5YSRNCe1M1d8TKeJKjXlgOjnSAzXvTcT/vE6iwysvpSJONBF4tihMmKMjZ5KF06OSYM3GhiAsqbnVwQMkEdYmsZIJAc6/vEia5xXoVuDdRbl2ncdRBIfgCJwACC5BDdyCOmgADFLwDF7Bm/VkvVjv1sestWDlM/vgD6zPH3PRlSA=</latexit>

=
n3 + 3n2 + 2n

6
<latexit sha1_base64="h02/JzZGhtOgFODb2nYTHqWjl6c=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL8EiCIWStKJehKIXjxVsK7Rp2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQvFvYckYZSThqKKkftIEBR4jLS80fXEbz0QIWnI79Q4Im6ABpz6FCOlpZ55cNnxBcIJ71ZLVd6tlCo8Tc7Snlm0y/YU1iJxMlKEDPWe+dXphzgOCFeYISnbjh0pN0FCUcxIWujEkkQIj9CAtDXlKCDSTab3p9axVvqWHwpdXFlT9fdEggIpx4GnOwOkhnLem4j/ee1Y+RduQnkUK8LxbJEfM0uF1iQMq08FwYqNNUFYUH2rhYdI56F0ZAUdgjP/8iJpVsqOXXZuT4u1qyyOPBzCEZyAA+dQgxuoQwMwPMIzvMKb8WS8GO/Gx6w1Z2Qz+/AHxucPYMmVCA==</latexit><latexit sha1_base64="h02/JzZGhtOgFODb2nYTHqWjl6c=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL8EiCIWStKJehKIXjxVsK7Rp2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQvFvYckYZSThqKKkftIEBR4jLS80fXEbz0QIWnI79Q4Im6ABpz6FCOlpZ55cNnxBcIJ71ZLVd6tlCo8Tc7Snlm0y/YU1iJxMlKEDPWe+dXphzgOCFeYISnbjh0pN0FCUcxIWujEkkQIj9CAtDXlKCDSTab3p9axVvqWHwpdXFlT9fdEggIpx4GnOwOkhnLem4j/ee1Y+RduQnkUK8LxbJEfM0uF1iQMq08FwYqNNUFYUH2rhYdI56F0ZAUdgjP/8iJpVsqOXXZuT4u1qyyOPBzCEZyAA+dQgxuoQwMwPMIzvMKb8WS8GO/Gx6w1Z2Qz+/AHxucPYMmVCA==</latexit><latexit sha1_base64="h02/JzZGhtOgFODb2nYTHqWjl6c=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL8EiCIWStKJehKIXjxVsK7Rp2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQvFvYckYZSThqKKkftIEBR4jLS80fXEbz0QIWnI79Q4Im6ABpz6FCOlpZ55cNnxBcIJ71ZLVd6tlCo8Tc7Snlm0y/YU1iJxMlKEDPWe+dXphzgOCFeYISnbjh0pN0FCUcxIWujEkkQIj9CAtDXlKCDSTab3p9axVvqWHwpdXFlT9fdEggIpx4GnOwOkhnLem4j/ee1Y+RduQnkUK8LxbJEfM0uF1iQMq08FwYqNNUFYUH2rhYdI56F0ZAUdgjP/8iJpVsqOXXZuT4u1qyyOPBzCEZyAA+dQgxuoQwMwPMIzvMKb8WS8GO/Gx6w1Z2Qz+/AHxucPYMmVCA==</latexit><latexit sha1_base64="h02/JzZGhtOgFODb2nYTHqWjl6c=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL8EiCIWStKJehKIXjxVsK7Rp2Ww37dLNJuxuhBJz8K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5XsSoVLb9beSWlldW1/LrhY3Nre0dc3evKcNYYNLAIQvFvYckYZSThqKKkftIEBR4jLS80fXEbz0QIWnI79Q4Im6ABpz6FCOlpZ55cNnxBcIJ71ZLVd6tlCo8Tc7Snlm0y/YU1iJxMlKEDPWe+dXphzgOCFeYISnbjh0pN0FCUcxIWujEkkQIj9CAtDXlKCDSTab3p9axVvqWHwpdXFlT9fdEggIpx4GnOwOkhnLem4j/ee1Y+RduQnkUK8LxbJEfM0uF1iQMq08FwYqNNUFYUH2rhYdI56F0ZAUdgjP/8iJpVsqOXXZuT4u1qyyOPBzCEZyAA+dQgxuoQwMwPMIzvMKb8WS8GO/Gx6w1Z2Qz+/AHxucPYMmVCA==</latexit>

n�1X

j=i

(j � i+ 1) = 1 + 2 + ...+ (n� i) =
(n� i+ 1)(n� i)

2
<latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit><latexit sha1_base64="zLkH4++Q2yGCotyNyWlleV3CGXI="></latexit>

n�1X
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(n� i+ 1)(n� i)
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=

nX

i=1

(n� i+ 2)(n� i+ 1)

2
<latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit><latexit sha1_base64="DsJHnCEYC/Ubee05985G4X+p+7w="></latexit>
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Decreasing the Number 

of Loops

A improved algorithm:

MaxSum = 0;

for(i = 0; i < N; i++){

   ThisSum = 0;

   for(j = i; j < N; j++){     

        ThisSum += A[j];

        if(ThisSum > MaxSum)

            MaxSum = ThisSum;

   }

}

return MaxSum;

i=0
i=1

i=2

i=n-1

in O(n2)

j

The sequence



Power of

Divide and Conquer

Part 1 Part 2

Part 1 Part 2

Part 1 Part 2

The sub with largest sum may be in:

or: The largest is the result



Power of

Divide and Conquer

Center = (Left + Right) / 2; 
MaxLeftSum = MaxSubSum(A, Left, Center); MaxRightSum = MaxSubSum(A, Center + 1, Right); 

MaxLeftBorderSum = 0; LeftBorderSum = 0; 

for (i = Center; i >= Left; i--) 

{ 

LeftBorderSum += A[i]; 

} 
if (LeftBorderSum > MaxLeftBorderSum) MaxLeftBorderSum = LeftBorderSum; 


MaxRightBorderSum = 0; RightBorderSum = 0; 

for (i = Center + 1; i <= Right; i++) 

{ 

RightBorderSum += A[i]; 

} 
if (RightBorderSum > MaxRightBorderSum) MaxRightBorderSum = RightBorderSum; 


return Max3(MaxLeftSum, MaxRightSum, MaxLeftBorderSum + MaxRightBorderSum); 

Note: this is the core part of 

the procedure, with base 
case and wrap omitted.

in O(nlogn)



A Linear Algorithm
ThisSum = MaxSum = 0; 

for (j = 0; j < N; j++) 

{ 

ThisSum += A[j]; 
  if (ThisSum > MaxSum) 

     MaxSum = ThisSum; 

  else if (ThisSum < 0) 

     ThisSum = 0;

}

return MaxSum; 


Negative item or subsequence 
cannot be a prefix of the 
subsequence we want. 

This is an example 
of “online algorithm” 

The sequence
j



Brute Force Enumeration

By Recursion

• Job scheduling 
• Problem definition


• Brute force recursion


• Further improvements


• Matrix chain multiplication 
• Problem definition


• Brute force recursion(s)


• Further improvements



Job Scheduling
• Jobs: Ji=[si, fi) 

• Max number of compatible jobs 

• Further improvements 
• Dynamic programming (L16)


• Greedy algorithms (L14)

time

Ji

si fi



Matrix Chain Multiplication
• The task: 

• Find the product: A1 x A2 x … x An-1 x An 

• Ai is 2-dimensional array of different legal size 

• The Challenge: 

• Matrix multiplication is associative


• Different computing order results in great difference in 
the number of operations


• The problem: 

• Which is the best computing order



Cost of Matrix

Multiplication

An example: A1 x A2 x A3 x A4


                          30x1 1x40 40x10 10x25

((A1 x A2) x A3) x A4:  20700 multiplications

A1 x (A2 x (A3 x A4)):  11750

(A1 x A2) x (A3 x A4):  41200

A1 x ((A2 x A3) x A4):  1400


 



Solutions

• Brute force recursion (L16) 
• BF1


• BF2


• Dynamic programming (L16) 
• Based on brute force recursion 2



Thank you!

Q & A


